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Quantum Force in Superconductor
A. V. Nikulov
Institute of Microelectronics Technology and High Purity Materials, Russian Academy of Sciences, 142432 Chernogolovka,
Moscow District, RUSSIA
In order to conciliate a contradiction of the Little-Parks experiment with the Ohm’s law and other
fundamental laws the thermal fluctuation is considered as dynamic phenomenon and a new force
called ”quantum force” is introduced. A persistent current can exist at zero voltage and non-
zero resistance because of the quantum force induced by the thermal fluctuation. Not only the
persistent current but also a persistent voltage (a direct voltage in the equilibrium state) can exist
in an inhomogeneous superconducting ring. Directions of the persistent current and the persistent
voltage coincide in a ring segment with lower critical temperature and are opposite in other ring
segment with higher Tc. Consideration of a superconducting ring interrupted by Josephson junction
shows a connection of the quantum force with a real mechanical force.
PACS numbers: 74.20.De, 73.23.Ra, 64.70.-p
Superconductivity is a macroscopic quantum phe-
nomenon: some macroscopic effects observed in super-
conductors can not be described by classical mechanics.
One of them is the Little-Parks (LP) experiment [1] re-
peated in numerous works (see for example [2]). It is
considered [3,2] that the LP experiment was explained
as long ago, as 1963 [4]. But this explanation is not per-
fect. More perfect consideration shows a contradiction
of the LP experiment in a loop [2] with some habitual
knowledge. This contradiction is explained in the present
work.
The resistance oscillations observed at the LP exper-
iment is interpreted as a consequence of oscillations of
the superconducting transition temperature Tc [1,3,2]. It
is assumed [3] that Rl(T ) = Rl(T − Tc) in the resistive
transition region where the resistance Rl =
∫
l dlρ/s [2]
changes from Rl = Rln to Rl = 0. Here Rln is the resis-
tance along the loop in the normal state; s is the area of
the cross-sectional of the wire defining the loop.
The Tc oscillations is explained by the fluxoid quanti-
zation [4,3,2]. Because of the quantization the velocity
circulation ∫
l
dlvs =
pih¯
m
(n−
Φ
Φ0
) (1)
of superconducting pairs can not be equal zero when the
magnetic flux Φ contained within a loop is not divisible
by the flux quantum Φ0 = pih¯c/e. Therefore the energy of
superconducting state increases and as consequence the
Tc decreases when Φ 6= nΦ0, ∆Tc ∝ −v
2
s ∝ −(n−Φ/Φ0)
2
[3]. The magnetic flux LIs induced by the screening cur-
rent Is = sjs = s2ensvs is small LIs ≪ Φ0 at T ≃ Tc
(when the density of superconducting pairs ns is close to
zero) and therefore Φ = BS + LIs ≃ BS [3]. Here B is
the magnetic induction induced by an external magnet;
S is the area of the loop.
It is important that the theoretical dependence ∆Tc ∝
−(n − Φ/Φ0)
2, where v2s ∝ (n − Φ/Φ0)
2 has minimum
possible value [3] describes enough well the experimental
data (see for example Fig.4 in [2]). Consequently, super-
conducting states with minimum (n−Φ/Φ0)
2 value give
the main contribution. This means that not only the av-
erage v2s = t
−1
long
∫
tlong
dtv2s but also vs = t
−1
long
∫
tlong
dtvs
is not equal zero at Φ 6= nΦ0 and Φ 6= (n+0.5)Φ0. vs = 0
at Φ = (n+0.5)Φ0 because the permitted states with op-
posite direction of the velocity have the same v2s value.
vs ≈ (pih¯/ml)(n−Φ/Φ0) in a homogeneous loop when Φ
is not close to (n+ 0.5)Φ0.
Thus, according to the LP experiment and in spite of
the Ohm’s law RlIsc =
∫
l dlE = −(1/c)dΦ/dt a direct
screening current Isc ≈ s2ens(pih¯/ml)(n − Φ/Φ0) flows
along the loop at a constant magnetic flux, Φ 6= nΦ0
and Φ 6= (n + 0.5)Φ0, and Rl 6= 0. The later is evident
from the experiment [2]. The measured resistance [2]
Rm ≈ Rl/4 in a homogeneous loop. The LP experiment
contradicts not only to the Ohm’s law but also some more
fundamental laws because a dissipation (friction) force
Fdis should act at Isc = sjsc 6= 0 and Rl 6= 0, and an
energy dissipation with power RlI
2
sc should take place.
This contradiction has a explanation having a single
meaning. It is obvious that in a stationary state the
screening current is equal superconducting current
js =
2epih¯
lm < n−1s >
(n−
Φ
Φ0
) (2)
It can be non-zero when the whole of loop in super-
conducting state, i.e. < n−1s >
−1 6= 0, and Rl = 0.
< n−1s >= l
−1
∫
l
dln−1s is used because the js value
should be constant along the loop in the stationary state.
( ns ought be considered as an effective density in or-
der to take into account the Josephson current through
segments with ns = 0). Therefore the LP oscillations
are observed only in the region of the resistive tran-
sition where loop segments are switched by the ther-
mal fluctuation between superconducting state (when
< n−1s >
−1 6= 0, js 6= 0 but Rl = 0) and normal state
(when < n−1s >
−1= 0, Rl 6= 0 but js = 0). These oscilla-
tions can not be observed below the resistive transition
where js 6= 0 but Rl = 0 all time and above this transi-
tion where Rl = Rln but js = 0 all time.
Thus, the LP experiment is evidence of a motion in-
duced by fluctuation in the thermodynamic equilibrium
1
state at non-zero dissipation. Such phenomena are called
Brownian motion [5]. There is an important difference
from the classical Brownian motion. According to the
classical mechanics the average velocity of any Brownian
motion should be equal zero whereas the LP experiment
is evidence of the persistent current (i.e. a direct current
in the equilibrium state) jp.c. = jsc 6= 0 at Φ 6= nΦ0 and
Φ 6= (n+ 0.5)Φ0.
The persistent current
jp.c. = q
∑
p
vf0(
E(p)
kBT
) =
q
m
∑
p
(p−
q
c
A)f0(
E(p)
kBT
) (3)
is a quantum phenomenon. It can exist in states with dis-
crete spectrum
∫
l
dlp = n2pih¯, at the energy difference be-
tween adjacent permitted states E(n+1)−E(n) ≥ kBT ,
when the summation
∑
p can not be replaced by integra-
tion. Here p = mv+(q/c)A is the generalized momentum
of a particle with a charge q; A is the vector potential.
At continuous spectrum (at E(n + 1) − E(n) ≪ kBT )
jp.c. = q
∑
p vf0 = q
∫
dvvf0 = 0 because the distribu-
tion function in the equilibrium state f0 depends on v
only through E(p)/kBT and the kinetic energy is pro-
portional to v2 in a consequence of the space symmetry.
Therefore, according to the classical mechanics any direct
(non-chaotic) current can be only in a nonequilibrium
state and it is postulated that the average value of the
fluctuation force introduced by Langevin for description
of the classical Brownian motion is equal zero FLan = 0.
In a superconducting loop the difference between ad-
jacent permitted states of the kinetic energy
Ep = s
∫
l
dlns
2mv2s
2
=
spi2h¯2
lm < n−1s >
(n−
Φ
Φ0
)2 (4)
is proportional to < n−1s >
−1 and of the energy of the
magnetic flux induced by the superconducting current
EL = LI
2
s /2c
2 = (Ls2e22pi2h¯2/c2l2m2 < n−1s >
2)(n −
Φ/Φ0)
2 = (Ls/lλ20)n
′
sEp is proportional to < n
−1
s >
−2.
Here λ0 = (c
22m/4e2ns(0))
1/2 is the London penetra-
tion depth at T = 0; n′s = (ns(0) < n
−1
s >)
−1; ns(0)
is the density of superconducting pairs at T = 0. At
weak screening, when the LP oscillations are observed,
(Ls/lλ20)n
′
s < 1 and consequently EL < Ep .
Superconducting pairs, as condensed bosons, have the
same value of the momentum circulation
∫
l dlp = n2pih¯.
Therefore the E(n+1)−E(n) value for superconducting
pairs in a loop l at < n−1s >
−1≈< ns > 6= 0 is much
more than the one for electron Ep(n + 1) − Ep(n) =
(2pi2h¯2/l2m)[(n + 1)2 − n2] ≈ 2pi2h¯2/l2m because the
average number of superconducting pairs sl < ns > is
very big in a real case. For a real length l ≃ 4µm
of the wire defining the loop [2] 2pi2h¯2/l2m ≃ kB 1K.
Therefore the persistent current in normal metal meso-
scopic systems [6] is observed only at very low tempera-
ture [7]. In superconductor the screening persistent cur-
rent jp.c. = q
∑
p vfqu = js is observed even in macro-
scopic samples (for example at the Meissner effect) be-
cause Ep(n+1)−Ep(n) ≈ sl < ns > (pi
2h¯2/l2m)≫ kBT
even near Tc.
Consequently, in the region of the resistive transition
the fluctuations switch the loop between qualitatively dif-
ferent states: the superconducting state < n−1s >
−1 6= 0
with strongly discrete spectrum |Ep(n + 1) − Ep(n)| ≫
kBT , in which the circulation of the phase gradient∇ϕ =
p/h¯ of the wave function of superconducting pairs has a
definite value
∫
l dl∇ϕ = 2pin, and the state with contin-
uous p spectrum, in which < n−1s >
−1= 0, Rl 6= 0, the
energy Ep(n) = 0 for any n value and therefore
∫
l dl∇ϕ
is ”bad” (vague) number. The later means that the ”ran-
dom phase” assumption is valid at < n−1s >
−1= 0 and
therefore the average velocity should be equal zero in the
equilibrium state [8].
Thus, the average value of the momentum circula-
tion of superconducting pairs changes between
∫
l dlp =∫
l
dl(2mvs+(2e/c)A) = (2e/c)Φ and
∫
l
dlp = n2pih¯ at the
switching between < n−1s >
−1= 0 and < n−1s >
−1 6= 0.
At (Ls/lλ20)n
′
s ≪ 1, when the A change is small, the
momentum change on the unit volume ∆P ≃ (m/e)js.
These momentum changes induced by fluctuations ex-
plain the contradiction of the LP experiment with habit-
ual laws. The persistent current jp.c. = jsc 6= 0 can exist
at non-zero dissipation Fdis 6= 0 because the momentum
circulation should return to the quantum value n2pih¯ at
switching to the state with < n−1s >
−1 6= 0. The momen-
tum circulation does not change systematically during
a long time tlong at
∫
tlong
dtFdis = tlongFdis 6= 0 be-
cause at reiterated switching
∫
l
dlFdis +
∫
l
dl∆Pω = 0.
∆P = N−1sw
∑
k ∆P (k); ∆P (k) is the momentum change
at k switching in the state with < n−1s >
−1 6= 0; ω =
Nsw/tlong; Nsw is the number of switching for tlong.
At the closing of the superconducting state in the
loop, as well as at the Meissner effect, superconducting
pairs are accelerated against the force of the electric field∫
l
dlE = −(1/c)dΦ/dt. In order to eliminate the contra-
diction with the Newton’s law a force Fq may be intro-
duced, Fq = ∆Pω. Because the ∆P is induced by quan-
tization it is natural to call Fq as quantum force. The
necessity to introduce the Fq is conditioned by the well
known difference between superconductor and a classical
conductor with infinite conductivity. It is important that
the quantum force can not be localized in any segment of
the loop in principle because of the uncertainty relation
∆p∆l > h¯. The vs becomes non-zero when the momen-
tum takes a certain value, ∆p≪ pn+1 − pn = 2pih¯/l, i.e.
when superconducting pairs can not be localized in any
segment of the loop. Fq should be uniform along the loop
because ∆P ∝ js.
The quantum force Fq takes the place of the Faraday’s
voltage −(1/c)dΦ/dt which maintains the screening cur-
rent in a conventional loop with Rl 6= 0. Therefore the
jp.c. = jsc 6= 0 is observed at Rl 6= 0 and dΦ/dt in the
LP experiment. The periodic variation of the resistance
with magnetic field Rl(Φ/Φ0) is observed in the LP ex-
2
periment [2] because the probability of superconducting
state P (< n−1s >
−1 6= 0) ∝ exp−(Ep + EL)/kBT de-
creases at Φ 6= nΦ0. The approximation [3], in which
only state with minimum |n−Φ/Φ0| is taken into account,
describes enough well the experimental data [2] because
in the superconducting state |Ep(n+1)−Ep(n)| ≫ kBT
even in the fluctuation region near Tc.
Thus, the LP experiment is evidence of a direct (non-
chaotic) one-dimensional Brownian motion. The Brown-
ian particle in this case is the superconducting conden-
sate. Its kinetic energy changes randomly in time: the Ep
(and also EL) is increased by the quantum force and dis-
sipates after the switching a loop segment in the normal
state. The quantum force induced by the fluctuations
is the Langevin force FLan. Contrary to the classical
Brownian motion FLan = Fq = ∆Pω 6= 0 at jp.c. 6= 0
and Rl 6= 0.
Because the LP experiment is explained by the fluctu-
ation switching between jsc = q
∑
p vfcl = 0, where the
distribution function fcl is in the equilibrium f0 = fcl
above Tc, and jsc = q
∑
p vfqu 6= 0 where fqu is in the
equilibrium f0 = fqu below Tc, it is useful to consider
the motion along the loop both superconducting pairs
and electrons at the transition between fcl and fqu. The
reduction of jsc at Rl 6= 0 can be described by the classi-
cal Boltzmann transport equation [9] because the ”ran-
dom phase” assumption is valid at < n−1s >
−1= 0. But
the jsc appearance contradicts classical mechanics. For a
phenomenological description of the transition fcl → fqu,
a new term ℵ may be added to the Boltzmann equation
df
dt
=
∂f
∂t
+ v
∂f
∂l
+ qEV
∂f
∂p
= ℵ −
f1
τ
(5)
ℵ = df/dt + f1/τ during a time ∆tqu of the transition
fcl → fqu and ℵ = 0 during any other time,
∫
∆tqu
dtℵ =
fqu − fcl +
∫
∆tqu
dtf1/τ . p is the generalized momen-
tum. Therefore EV = −∇V is the potential part of the
electric field E = −∇V − (1/c)∂A/∂t: qEV = ∂p/∂t =
m∂v/∂t+(q/c)∂A/∂t = qE+(q/c)∂A/∂t = −q∇V . The
distribution function f = ns + fe describes both super-
conducting pairs and electrons. q = e for electron and
q = 2e for superconducting pair. f1 = f − f0 is the
deviation of the distribution function f from the one f0
in the equilibrium state. It is assumed that the equi-
librium distribution f0 = fcl at < n
−1
s >
−1= 0 and
f0 = fqu at < n
−1
s >
−1 6= 0. The difference between
f1 = f − fcl and f1 = f − fqu is not important in our
consideration because the mean time between collisions τ
is infinite for superconducting pairs and the equilibrium
distributions for electrons fe are approximately the same
at < n−1s >
−1= 0 and < n−1s >
−1 6= 0.
The balance on the average forces
∂P
∂t
− Fp − Fe = Fq − Fdis (6)
is obtained by multiplication of the transport equation
(5) by the momentum and summing over the p states.
Here P =
∑
p pf = psns+
∑
p pfe = Ps+Pe; Ps = psns is
the momentum per unit volume of superconducting pairs;
Pe =
∑
p pfe is the momentum per unit volume of normal
electrons; Fp = −∂(
∑
p pvf)/∂l = −∂(nq < pv >)/∂l
is the force of the pressure; Fe = −eEV
∑
p p∂f/∂p =
eEV nq = 2eEV ns + eEV ne is the force of the electric
field; ne is the density of normal electrons; nq = ne+2ns
is the total density of electrons; Fdis =
∑
p pf1/τ is the
dissipation force; Fq =
∑
p pℵ is the quantum force. Fq =∑
p pdf/dt+
∑
p pf1/τ during ∆tqu
The quantum force Fqs =
∑
p pdf/dt acts directly
on superconducting pairs
∫
∆tqu
dtFqs =
∑
p pfqu −∑
p pfcl = ∆Ps = (m/e)jp.c.[1 + (Ls/lλ
2
0)n
′
s] and Fqe =∑
p pf1/τ acts on normal electrons through the Faraday’s
voltage
∫
l dlE = −(L/c)dI/dt. The dissipation force
Fdis strives to retain zero average velocity. Therefore
∆Pe =
∫
∆tqu
dtFqe =
∫
∆tqu
dtFdis = ne(e/c)Lsjs/l.
Both Ps and Pn return to initial values after the tran-
sition fqu → fcl because of the dissipation force. After
the switching of a lb segment in the normal state with
Rbn = ρnlb/s 6= 0, when the resistance of other la seg-
ment Ra = 0, a potential difference V and a pressure
difference is induced by the deviation ∆nq of the elec-
tron density from its equilibrium value (∆nq ≪ nq). But∫
l dlFp = −
∫
l dl∂(nq < pv >)/∂l = 0 and
∫
l dlFe =
enq
∫
l
dlEV = −enq
∫
l
dl∇V = 0
The order of Fp and Fe magnitudes can be esti-
mated by relations Fp ≈ − < pv > ∆nq/∆l and
Fe ≈ q
2nq∆nq∆l = q
2/n
−1/3
q (∆l/n
−1/3
q )2∆nq/∆l. Be-
cause ∆nq ≪ nq the characteristic length ∆l over which
nq changes is much longer than the distance between elec-
trons: ∆l ≫ n
−1/3
q . In any metal < pv >≈ q2/n
−1/3
q [9].
Consequently, the force of the pressure Fp ≪ Fe is not
important in our consideration.
The time of the ∆nq appearance is very short because
the capacitance is very small. After this short time the
jsc value is the same in the superconducting la, jsc =
js + jna, and in the normal lb, jsc = jnb, segments. The
dissipation force acts on superconducting pairs through
the electric force ∂Ps/∂t = Fe = −2ens∇V and djs/dt =
(2e2ns/m)Ea = (2e
2ns/m)(− ▽ Va − (Ls/c
2l)djsc/dt).
The current of normal electrons jna = ρnEa in the
la segment and jnb = ρnEb in the lb segment. Be-
cause
∫
l dl∇V = la < ∇Va > +lb < ∇Vb >=< Va >
+ < Vb >= 0 the electric field Ea = − < Vb >
/la− (Ls/c
2l)djsc/dt) in the la segment and Eb =< Vb >
/lb−(Ls/c
2l)djsc/dt) in the lb segment. At la ≫ lb, when
jna ≪ jsc, < Vb >≃ RbnIsc ≃ RbnIs exp−t/τRL, where
τRL = (la/l + laλ
2
0/Lsn
′
s)L/Rbn is the decay time of the
current.
At T ≃ Tcb < Tca only lb segment with lowest criti-
cal temperature Tcb is switched in the normal state by
the fluctuation. In this case Rb 6= 0, Ra = 0 and
−< Va > = < Vb > = LIsω(la/l+laλ
2
0/Lsn
′
s). Thus, not
only the persistent current Ip.c but also the persistent
3
voltage Vp.v. = < Vb > can be induced by fluctuations
in an inhomogeneous loop. This result was published
first in [10]. The possibility of the persistent voltage is
a direct consequence of the existence of the non-chaotic
Brownian motion at which FLan = Fq 6= 0. The aver-
age force of the electric field Fe = enqE should be not
equal zero in an inhomogeneous loop, in which the dissi-
pation force Fdis has different value in segments, because
Fq should be uniform along the loop and according to (6)
Fe ≃ Fq − Fdis (because Fp ≪ Fe). In a homogeneous
loop Fe = Fq − Fdis = 0 because the switching probabil-
ity of any segment is the same and Fdis is uniform along
the loop.
The inhomogeneous superconducting loop with Vp.v. 6=
0 is an electric circuit in which the la segment with higher
Tc is a power source, Ws = < Va > Isc < 0, and the lb
segment with lower Tc is a load, Wl = < Vb > Isc > 0.
The power Ws induced by the thermal fluctuation can
not exceed (kBT )
2/h¯ because the energy of fluctuation
is kBT and the frequency of switching ω < kBT/h¯
in accordance with the uncertainty relation. Conse-
quently Vp.v. = (RbWl)
0.5 < kBTc(Rb/h¯)
0.5 in any case.
(kBT )
2/h¯ ≃ 10−10 Wt at T = 10 K and (kBT )
2/h¯ ≃
10−8 Wt at T = 100 K. Therefore, at a real value
Rb = 1 Ω, Vp.v. < 10
−5 V = 10 µV for a low Tc super-
conductor with Tc ≈ 10K and Vp.v. < 10
−4 V = 100 µV
for a high Tc superconductor with Tc ≈ 100K. These
voltage values are large enough to be measured experi-
mentally.
The persistent voltage can be induced also in an inho-
mogeneous normal metal mesoscopic loop [11] in which
the persistent current can exist [6,7]. The mesoscopic
loop, in which electrons are scattered in only segment, is
like the inhomogeneous superconducting loop considered
above. Superconducting condensate can be considered
as a big particle which is scattered on the normal loop
segment like electrons are scattered on impurities. In de-
tails the problem of the persistent voltage in an inhomo-
geneous normal metal mesoscopic loop will be considered
elsewhere.
The transition between fcl and fqu states can be in-
duced not only by the fluctuation but also by tempera-
ture change and by mechanical interrupting and closing
of the superconducting loop. In the first case the loop
can be considered as dc generator in which heat energy
is transformed in electric energy [12]. In the second case
the mechanical energy is transformed to the electric en-
ergy. In order to close the loop interrupted by Joseph-
son junction, an additional work
∫
dbFq = ∆b < Fq >
should be expended because the energy is increased on
Ep +EL ≈ Ep ≈ (s/λ
2)(Φ20/4piR)(n−Φ/Φ0)
2 at the Isc
appearance. The Josephson current decreases exponen-
tially with increasing of break width b and has a negli-
gible value when b exceeds some nanometers [13]. Con-
sequently in order to close the loop at n − Φ/Φ0 = 1/2
the quantum force, the average value of which equals
Fq ≈ (s/λ
2)(Φ20/2l∆b)0.25, should be overcome, where
∆b ≈ 10 nm. At l = 4µm, when Φ20/2l ≈ 3 10
−20 J ,
< Fq >≈ (s/λ
2) 3 10−12 N . This consideration shows
that the wave function can have an elasticity and that
the quantum force can be connected with a real classical
force which can be measured.
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